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Abstract
We give optimal compactness results in Lp spaces ( 1<p<∞) related to spectral theory
of general neutron transport equations on spatial domains with ﬁnite Lebesgue measure.
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1. Introduction
This paper provides necessary and sufﬁcient compactness results which are at the
very core of spectral theory of some c0-semigroups arising in neutron transport theory.
Our analysis is carried out in Lp spaces with 1 < p < ∞. The L1 theory relies on
different tools and provides different results [27]. The present work provides optimal
answers to some classical problems initially investigated by Jorgens [12] and Vidav
[39] and, in the last decades, by several authors.
Without delayed neutrons, the distribution of neutrons in a nuclear reactor is governed
by an integro-differential equation
f
t
+ v · f
x
+ (x, v)f (x, v, t)−
∫
V
k(x, v, v′)f (x, v′, t) d(v′) = 0 (1)
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with initial and boundary conditions
f (x, v, 0) = f0(x, v), f (·, ·, t)|− = 0, (2)
where (x, v) ∈  × V ,  is a smooth open subset of Rn,  is a Radon measure on
Rn with support V . Typically,  is a weighted Lebesgue measure on Rn or on ﬁnitely
many spheres (multigroup models). We will refer to V as the velocity space. Here
− = {(x, v) ∈ × V ; v · n(x) < 0},
where n(x) is the unit outward normal at x ∈ . The parameters (·, ·) and k(·, ·, ·)
are, respectively, the collision frequency and the scattering kernel. The well-posedness
of (1)–(2), in the sense of semigroup theory, dates back to the 1950s and 1960s,
especially, in [12] and [17] (see [10, Chapter 12] for much more general existence
results in linear transport theory). Indeed, if (·, ·) ∈ L∞(× V ) then the unbounded
operator
T :  ∈ D(T )→−v · 
x
− 
with domain
D(T ) =
{
 ∈ Lp(× V ); v · 
x
∈ Lp(× V ), |− = 0
}
(and 1p <∞) generates the so-called streaming c0-semigroup
U(t) :  ∈ Lp(× V )→ e−
∫ t
0 (x−sv,v) ds(x − tv, v){t(x,v)}, (3)
where (x, v) = inf{s > 0; x − sv /∈ }. Moreover, if the collision operator
K :  ∈ Lp(× V )→
∫
V
k(x, v, v′)f (x, v′, t) d(v′)
is bounded on Lp( × V ) then, by standard perturbation theory, T + K generates a
c0-semigroup {W(t); t0} which solves the evolution problem (1)–(2) in a reasonable
sense. A basic problem in nuclear reactor theory (e.g. in pulsed experiments [5, Chapter
5]) is the understanding of the time asymptotic behavior (t →∞) of the solution of (1),
(2). This problem is intimately related to spectral theory of the perturbed semigroup
{W(t); t0}. We point out that the spectral properties of the streaming semigroup
{U(t); t0} and its generator are now well understood [13, Chapter 12, 26, 42]. The
perturbed semigroup is given by a Dyson–Phillips expansion
W(t) =
∞∑
j=0
Uj(t), (4)
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where
U0(t) = U(t), Uj (t) =
∫ t
0
U(t − s)KUj−1(s) ds (j1). (5)
In 1958, Jorgens [12] considered the case where the velocities are bounded away
from zero, i.e. 0 /∈ V, in a bounded convex domain  and showed that the semi-
group {W(t); t0} is compact for large t . Then, he derived an asymptotic expansion
of {W(t); t0} in terms of the (point) spectrum of the generator T + K . A basic
step in the mathematical analysis of the delicate case where the velocities are not
bounded away from zero (i.e. 0 ∈ V ) is due to Vidav [39] in 1970. He showed
that if some remainder term Rm(t) = ∑∞j=m Uj (t) of the Dyson–Phillips expan-
sion (4) is compact for large t then, outside the disc {; ||et }, the spectrum of
{W(t); t0} consists at most of isolated eigenvalues of ﬁnite algebraic multiplici-
ties where  is the type {U(t); t0}. Then an asymptotic expansion of {W(t); t0}
may be derived in terms of the point spectrum of T + K located in the half-plane
{;Re  > }. We point out that, prior to Vidav’s paper [39], the spectral theory of
the generator T + K was already well understood thanks to the following classical
result:
(− T )−1K : L2(× V )→ L2(× V ) is compact (6)
covering most physical models [3,30,40]. Moreover, the asymptotic behavior ( t →∞)
of transport Cauchy problems was handled in a classical way by means of inverse
Laplace transform techniques provided the initial data is smooth enough, typically
for f0 ∈ D((T + K)2)) (see e.g. [18]); we refer to [14,22,36] for more recent re-
sults in this direction. Vidav [38,39] observed that Property (6) implies, via analytic
Fredholm alternative, that (T + K) ∩ {; Re  > } is composed (at most) of iso-
lated eigenvalues with ﬁnite algebraic multiplicities but we cannot exclude, a priori,
the presence of continuous spectrum of {W(t); t0} outside the disc {; ||et }
because of the lack, in general, of a spectral mapping theorem for the continuous
spectrum. This explains the necessity of a direct treatment of the perturbed semigroup.
Unfortunately, Vidav’s conditions implying the compactness of remainder terms are of
abstract character and are not easy to apply to transport theory; see however [35].
An important improvement of Vidav’s ideas is due to Voigt [41,43]. In particular, he
introduced the useful concept of essential type of a c0-semigroup and gave practical
conditions on the scattering kernel implying the compactness of R2(t) in Lp( × V )
(1 < p < ∞) or its weak compactness in L1( × V ) for the usual Lebesgue mea-
sure  on Rn (see also [16]). Several contributions followed by Greiner [11], Takac
[37], Palczewski [31], Weiss [46], Mokhtar-Kharroubi [19–22], Schlüchtermann [33]
and Voigt [45]. More recently, the author gave a uniﬁed and general treatment of com-
pactness problems in neutron transport theory [23, Chapters 2–4] where the velocity
space V is endowed with an abstract measure  covering, in particular, the contin-
uous and multigroup models (see also [15] for similar results on the torus). Indeed,
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the previous literature on the subject dealt mostly with the usual Lebesgue measure
on Rn. We refer to [23, Chapter 4] and references therein for more information. Typ-
ically, under quite general assumptions, the second-order term R2(t) is compact in
Lp( × V ) (1 < p < ∞). The present paper provides a complete analysis of such
compactness problems: Firstly, we deal with a general and “optimal” (in a sense we
will specify below) class of collision operators covering the known models. Secondly,
if  has a ﬁnite volume (  need not be bounded), we show that the ﬁrst-order
term
R1(t) = W(t)− U(t)
of the Dyson–Phillips expansion (4) is compact in Lp(×V ) if and only if the afﬁne
hyperplanes have zero -measure. We point out that R1(t) is not an integral operator
even if  is the usual Lebesgue measure on Rn. This unexpected result simpliﬁes
considerably the spectral analysis of neutron transport equations. Moreover, it implies
by a standard argument only that U(t) and W(t) have the same essential spectrum
and consequently the same essential types. We note that the stability of the essential
type is a very involved result when Rm(t) is compact only for some m2 (see [23,
Chapter 2, 33, 45, 46]). Similar results hold on the torus [28]. The mathematical analysis
relies on density arguments, interpolation and Fourier analysis: Roughly speaking, the
relevant operators are dealt with as Fourier integral operators and their compactness is
characterized precisely in terms of the properties of the velocity measure . Finally, in
the last section, we give a proof of the averaging lemma in domains with ﬁnite volume
and some application to spectral theory of the generator T +K .
2. On regular collision operators
This section is devoted to a reﬁnement of the concept of regular collision opera-
tors [23, Chapter 4]. In neutron transport theory, a collision operator is in general an
“integral” operator with respect to velocities of the form
 ∈ Lp(× V )→ K =
∫
V
K(x, v, v′)(x, v′) d(v′).
Thus, we may naturally regard K as an operator valued mapping
x ∈ → K(x) ∈ L(Lp(V )),
where
K(x) :  ∈ Lp(V )→ K(x) =
∫
V
K(x, v, v′)(v′) d(v′) ∈ Lp(V ).
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We assume that K is strongly measurable, i.e. for every 	 ∈ Lp(V )
x ∈ → K(x)	 ∈ Lp(V )
is measurable, and that x ∈ → ‖K(x)‖L(Lp(V )) is essentially bounded. Note that
x ∈ → ‖K(x)‖L(Lp(V )) = sup‖	‖Lp(V )1
∥∥K(x)	∥∥
Lp(V )
is measurable because of the separability of Lp(V ) (1p < ∞). Now we deﬁne a
collision operator by
K :  ∈ Lp(× V )→ K(x)(x),
where we make the identiﬁcation Lp( × V ) = Lp(;Lp(V )). It follows easily that
K ∈ L(Lp(× V )) and
‖K‖L(Lp(×V )) ess sup
x∈
‖K(x)‖L(Lp(V )) .
Actually an equality holds,
‖K‖L(Lp(×V )) = ess sup
x∈
‖K(x)‖L(Lp(V )) . (7)
Indeed, choose arbitrary separable functions
(x, v) = 1(x)2(v) with
∥∥1∥∥Lp() = ∥∥2∥∥Lp(V ) = 1.
Then, for all 1 ∈ Lp() with
∥∥1∥∥Lp() = 1
‖K‖p
L(Lp(×V ))  ‖K‖pLp(×V ) =
∫

‖K(x)(x)‖pLp(V ) dx
=
∫

∣∣1(x)∣∣p ∥∥K(x)2∥∥pLp(V ) dx
so that
‖K‖p
L(Lp(×V )) ess supx∈
∥∥K(x)2∥∥pLp(V ) ∀2 ∈ Lp(V ), ∥∥2∥∥Lp(V ) = 1
which implies the reverse inequality
‖K‖p
L(Lp(×V )) ess supx∈ ‖K(x)‖pL(Lp(V )) .
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In this paper, we need collision operators which are compact with respect to velocities
and which depend “smoothly” on the space variable. More precisely:
Deﬁnition 1. A collision operator K is said to be regular if:
(i) {K(x); x ∈ } is a set of collectively compact operators on Lp(V ), i.e.
{
K(x)	; x ∈ , ∥∥	∥∥
Lp(V )
1
}
is relatively compact in Lp(V ). (8)
(ii) For every 	′ ∈ Lp′(V ),
{
K ′(x)	′; x ∈ } is relatively compact in Lp′(V ), (9)
where K ′(x) denotes the dual operator of K(x).
Remark 1. It seems that the technical assumption (ii) is not a consequence of (i).
Note however that (ii) is trivially satisﬁed if {K ′(x); x ∈ } is a set of collectively
compact operators on Lp′(V ) where p′ is the conjugate exponent. Concrete examples
of regular collision operators are given in [25].
The class of regular collision operators is closed in L(Lp(× V )) [28] and enjoys
the useful approximation property:
Proposition 1. The class of regular collision operators is the closure in the operator
norm of the class of collision operator with kernels of the form
k(x, v, v′) =
∑
i∈I

i (x)fi(v)gi(v′) (10)
with
fi ∈ Lp(V ), gi ∈ Lp′(V )
(
1
p
+ 1
p′
= 1
)
, 
i ∈ L∞()(I ﬁnite).
Proof. It is easy to see that a collision operator with kernel of the form (10) is
regular so the closure in L(Lp( × V )) of this class of collision operators is con-
tained in the class of regular collision operators. Conversely, let K be a regular
collision operator. Let {Pn} ⊂ L(Lp(V )) be a sequence of ﬁnite-dimensional pro-
jections converging strongly to the identity: Pn	 → 	; ∀	 ∈ Lp(V ). We can con-
struct such a sequence from a Schauder basis of Lp(V ) (1p < ∞) for instance.
By noting that Pn	 → 	 uniformly on compact subsets of Lp(V ), and denoting
by B the unit ball of Lp(V ), PnK(x)	 → K(x)	 in Lp(V ) uniformly in 	 ∈ B
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and x ∈ , i.e.
sup
x∈
‖K(x)− PnK(x)‖L(Lp(V )) → 0.
In view of (7), the collision operator K is approximated in L(Lp(× V )) as close as
we want by a ﬁnite-dimensional (with respect to velocities) collision operator of the
form
 ∈ Lp(× V )→
∑
i∈I
(K(x)(x), e′i )ei ,
where {ei; i ∈ I } is a basis of the ﬁnite-dimensional range of Pn and
{
e′i; i ∈ I
}
is
the dual basis in Lp′(V )
(e′i , ej ) =
{
1 if i = j,
0 otherwise.
Note that the ﬁnite-dimensional collision operator is of the form
 ∈ Lp(× V )→
∑
i∈I
((x),K ′(x)e′i )ei =
∑
i∈I
∫
V
ei(v)ei(x, v
′)(x, v′) d(v′),
where
ei(x, v
′) = K ′(x)e′i ∈ L∞(;Lp
′
(V )).
In view of (9), {
K ′(x)e′i; x ∈ 
}
is relatively compact in Lp
′
(V )
and consequently (see, for instance, [34, Proposition 5.6.15, p. 198]) ei(x, v′) can be
approximated in L∞(;Lp′(V )) by degenerate functions of the form∑
j∈J

j (x)j (v
′); 
j ∈ L∞(), j ∈ Lp
′
(V ) (J ﬁnite)
and this ends the proof. 
3. Compactness results and applications
We recall ﬁrst a powerful domination theorem which is frequently used in this paper.
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Lemma 1 (Aliprantis and Burkinshaw [2, Theorem 16.20, p. 279]). Let E be a
Banach lattice such that E and its dual E′ have order continuous norm and let Gi ∈
L(E) (i = 1, 2) be two positive operators, i.e. leaving invariant E+ the positive cone
of E, such that G1 is dominated by G2 in the lattice sense, i.e. G1xG2x ∀x ∈ E+,
then G1 is compact if G2 is.
Note that a Banach lattice E has order continuous norm if any increasing net in
E which has a supremum is convergent. In particular, the Lebesgue spaces Lp (1p
<∞) have order continuous norm [2, p. 180]. We give now two preliminary results.
Lemma 2 (Mokhtar-Kharroubi [23, Lemma 3.1, p. 32]). Let  be a ﬁnite Radon
measure on Rn such that the hyperplanes (through the origin) have zero -measure.
Then
sup
e∈Sn−1

{
v ∈ Rn; |v · e| < ε}→ 0 as ε → 0.
Lemma 3. Let  be a ﬁnite Radon measure on Rn such that the afﬁnes hyperplanes
(i.e. the translated hyperplanes) have zero -measure. Then
sup
e∈Sn−1
⊗  {(v, v′) ∈ V × V ; ∣∣(v − v′) · e∣∣ < ε}→ 0 as ε → 0.
Proof. First, for each e ∈ Sn−1
⊗  {(v, v′) ∈ V × V ; (v − v′) · e = 0} = 0. (11)
Indeed, let Z := {(v, v′) ∈ V × V ; (v − v′) · e = 0}. Then
⊗ (Z) =
∫
V
(Zv′) d(v
′),
where Zv′ :=
{
v ∈ V ; (v, v′) ∈ Z}. Note that
Zv′ =
{
v ∈ V ; (v − v′) · e = 0} = H + v′,
where H is the hyperplane H = {v; v · e = 0}. By assumption, we have (Zv′) =
(H + v′) = 0 so
⊗ (Z) =
∫
V
(Zv′) d(v
′) = 0
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which proves (11). It follows from the ﬁniteness of the measure ⊗  that
lim
ε→0 ⊗ 
{
(v, v′) ∈ V × V ; ∣∣(v − v′) · e∣∣ < ε}
= ⊗  {(v, v′) ∈ V × V ; (v − v′) · e = 0} = 0.
The fact that the convergence is uniform in e ∈ Sn−1 is a consequence of the
compactness of Sn−1 as in the proof of Lemma 2. 
Let  ⊂ Rn be an open set, not necessarily bounded, and let {U(t); t0} be the
streaming c0-semigroup (3). We denote by {W(t); t0} the semigroup generated by
T +K where T is the generator of {U(t); t0} and K is a collision operator.
Theorem 1. Let 1 < p <∞ and let  be of ﬁnite Lebesgue measure. We assume that
the afﬁne hyperplanes (i.e. the translated hyperplanes) have zero -measure and that
the collision operator is regular. Then W(t)− U(t) is compact on Lp(× V ) for all
t0.
Proof. We recall that
R1(t) =
∞∑
j=1
Uj(t) = W(t)− U(t)
is compact for all t0 if and only if
U1(t) =
∫ t
0
U(t − s)KU(s) ds
is compact all t0 [23, Theorem 2.6, p. 16]. On the other hand, U1(t) depends
(linearly and) continuously, in the norm operator topology, on the collision operator K .
Then, using Proposition 1, we may assume without loss of generality that the collision
operator has a kernel of the form (10). By linearity, we may assume that
K :  ∈ Lp(× V )→ 
(x)
∫
V
f (v)g(v′)(x, v′) d(v′),
where f (·) ∈ Lp(V ), g(·) ∈ Lp′(V ), 
(·) ∈ L∞() and p′ is the conjugate of p. By
density again, we may assume that f and g are continuous with compact supports.
By decomposing f (·), g(·) and 
(·) into positive and negative parts, we can assume,
without loss of generality, that f (·), g(·) and 
(·) are nonnegative. On the other hand
K is dominated (in the lattice sense) by
 ∈ Lp(× V )→ ‖
(·)‖L∞()
∫
V
f (v)g(v′)(x, v′) d(v′)
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so, by using Lemma 1, we may assume that 
(·) = 1, i.e.
K :  ∈ Lp(× V )→
∫
V
f (v)g(v′)(x, v′) d(v′).
Now, we note that U1(t) maps Lq( × V ) into itself for all q and consequently, by
interpolation arguments, we can restrict ourselves to L2(×V ). Thus, we may assume,
without loss of generality, that p = 2 and that
K :  ∈ L2(× V )→
∫
V
f (v)g(v′)(x, v′) d(v′),
where f (·) and g(·) are nonnegative and continuous with compact supports. Moreover,
we note that
U(t) :  ∈ L2(× V ) = e−
∫ t
0 (x−sv,v) ds(x − tv, v)(t < (x, v))
is dominated (in the lattice sense) by
Û (t) :  ∈ L2(× V ) = e−∗t(x − tv, v)(t < (x, v)),
where ∗ = inf (·, ·) so, using Lemma 1, we may replace U(t) by Û (t) or equivalently
we can assume, without loss of generality, that the collision frequency is a constant,
i.e.
U(t) = e−t(x − tv, v)(t < (x, v)).
Let
U∞(t) : 	 ∈ L2(Rn × V )→ e−t	(x − tv, v) ∈ L2(Rn × V ).
It is easy to see that
U(t)RU∞(t)E; ∈ L2+(× V ), (12)
where E is the trivial extension to Rn × V and R : L2(Rn × V )→ L2(× V ) is the
restriction operator. Note that (12) is an equality when  is convex. It follows easily
that
U1(t) =
∫ t
0
U(t − s)KU(s) ds
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is dominated (in the lattice sense) by
∫ t
0
RU∞(t − s)KU∞(s)E ds. (13)
We note that if  is convex and (·, ·) is a constant then
U1(t) =
∫ t
0
RU∞(t − s)KU∞(s)E ds. (14)
It sufﬁces to prove the compactness of
O : 	 ∈ L2(Rn × V )→
∫ t
0
RU∞(t − s)KU∞(s)	 ds ∈ L2(× V ). (15)
A simple calculation shows that∫ t
0
RU∞(t − s)KU∞(s)	 ds
=
∫ t
0
dse−t
∫
V
f (v)g(v′)	(x − (t − s)v − sv′, v′) d(v′) (16)
with x ∈ . We write
	(x, v′) = 1
(2)
n
2
∫
Rn
	̂(, v′)eix· d, (17)
where 	̂(, v′) is the L2-Fourier transform of 	 with respect to the space variable and
where the meaning of (17) is
	(·, ·) = lim
M→∞
1
(2)
n
2
∫
||M
	̂(, v′)eix· d (18)
in the norm of L2(Rn × V ). We note that
∥∥	(·, ·)∥∥2
L2(Rnx×V ) =
∫
V
∫
Rn
∣∣∣	̂(, v′)∣∣∣2 d(v′) d.
Then (15) is the limit as M →∞ of
1
(2)
n
2
∫
||M
eix·
∫ t
0
dse−t
∫
V
	̂(, v′)f (v)g(v′)e−i((t−s)v+sv′)· d(v′) (19)
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= 1
(2)
n
2
∫
||M
∫
V
[
f (v)g(v′)eix·e−itv·e−t
∫ t
0
dseis(v−v′)·
]
×	̂(, v′) d d(v′),
where we have in mind that x ∈ . We note that the operator OM :
	 ∈ L2 →
∫
||M
∫
V
[
f (v)g(v′)eix·e−itv·e−t
∫ t
0
dseis(v−v′)·
]
×̂	(, v′) d d(v′),
is a Hilbert–Schmidt operator from L2(Rn×V ) into L2(×V ) because the Lebesgue
measure of  is ﬁnite and consequently OM is compact. Hence, it sufﬁces to show
that
OM →
∫ t
0
RU∞(t − s)KU∞(s) ds as M →∞
in operator norm. This amounts to
∫
||>M
eix·
∫
V
[
f (v)g(v′)e−itv·e−t
∫ t
0
dseis(v−v′)·
]
	̂(, v′) d d(v′)→ 0
in L2( × V ) as M → ∞ uniformly in 	̂(·, ·) bounded in L2(Rn × V ). Hence it
sufﬁces that
∫
V
d(v)
∫
Rnx
dx
∣∣∣∣∣
∫
||>M
eix·
∫
V
[
f (v)g(v′)e−itv·e−tf
∫ t
0
dseis(v−v′)·
]
×	̂(, v′) d d(v′)
∣∣∣∣∣
2
goes to zero as M → ∞ uniformly in 	̂(·, ·) bounded in L2(Rn × V ). By Parseval’s
identity, this amounts to
∫
V
d(v)
∫
||>M
d
∣∣∣∣∫
V
[
f (v)g(v′)e−itv·e−t
∫ t
0
dseis(v−v′)·
]
×	̂(, v′) d(v′)
∣∣∣∣2 (20)
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goes to zero as M → ∞ uniformly in 	̂(·, ·) bounded in L2(Rn × V ). By Cauchy–
Schwarz inequality, we majorize (20) by
∫
V
d(v)
∫
||>M
d
∫
V
∣∣∣∣f (v)g(v′)e−itv·e−t ∫ t
0
dseis(v−v′)·
∣∣∣∣2 d(v′)
×
∫
V
∣∣∣	̂(, v′)∣∣∣2 d(v′)
which is less than or equal to
sup
||>M
∫
V×V
d(v) d(v′)
∣∣∣∣f (v)g(v′)e−itv·e−t ∫ t
0
dseis(v−v′)·
∣∣∣∣2 ∥∥∥	̂∥∥∥2L2(Rn×V ) .
Thus we are led to show that
∫
V×V
d(v) d(v′)
∣∣∣∣f (v)g(v′)e−itv·e−t ∫ t
0
dseis(v−v′)·
∣∣∣∣2 → 0
as
∣∣∣∣→∞ or simply that
∫
V̂×V̂
d(v) d(v′)
∣∣∣∣∫ t
0
dseis(v−v′)·
∣∣∣∣2 → 0 as ∣∣∣∣→∞, (21)
where V̂ is the union of the compact supports of f and g. Introduce the polar
coordinates  = ∣∣∣∣ e with e ∈ Sn−1 and note that
∫
V̂×V̂
d(v) d(v′)
∣∣∣∣∫ t
0
dseis||(v−v′)·e
∣∣∣∣2
=
∫
V̂×V̂∩{|e·(v′−v)|ε}
d(v) d(v′)
∣∣∣∣∫ t
0
dseis||(v−v′)·e
∣∣∣∣2
+
∫
V̂×V̂∩{|e·(v′−v)|>ε}
d(v) d(v′)
∣∣∣∣∫ t
0
dseis||(v−v′)·e
∣∣∣∣2
 t2 sup
e∈Sn−1
∫
V̂×V̂∩{|e·(v′−v)|ε}
d(v) d(v′)
+
∫
V̂×V̂∩{|e·(v′−v)|>ε}
d(v) d(v′)
∣∣∣∣∫ t
0
dseis||(v−v′)·e
∣∣∣∣2 .
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According to Lemma 3,
sup
e∈Sn−1
∫
V̂×V̂∩{|e·(v′−v)|ε}
d(v) d(v′)
is arbitrarily small for ε small enough. We ﬁx ε small enough and consider the second
term ∫
V̂×V̂∩{|e·(v′−v)|>ε}
d(v) d(v′)
∣∣∣∣∫ t
0
dseis||(v−v′)·e
∣∣∣∣2 .
We observe that
∫ t
0 e
is ds → 0 as  → ±∞. In particular, ∫ t0 dseis||(v−v′)·e →
0 as
∣∣∣∣ → ∞ uniformly in (v, v′) ∈ V̂ × V̂ and e ∈ Sn−1 satisfying the relation∣∣e · (v′ − v)∣∣ > ε. This shows that
∫
V̂×V̂∩{|e·(v′−v)|>ε}
d(v) d(v′)
∣∣∣∣∫ t
0
dseis||(v−v′)·e
∣∣∣∣2 → 0
as
∣∣∣∣→∞ uniformly in e ∈ Sn−1. 
Corollary 1. Let 1 < p < ∞ and let  be of ﬁnite Lebesgue measure. We assume
that the afﬁne hyperplanes (i.e. the translated hyperplanes) have zero -measure and
that the collision operator is regular. Then:
(i) W(t) and U(t) have the same essential spectrum. In particular they have the same
essential type.
(ii) Their generators T and T +K have the same essential spectrum.
Proof. (i) The compactness of W(t)− U(t) implies that W(t) and U(t) have the same
essential spectrum [6, Chapter IX], ess(W(t)) = ess(U(t)) and consequently the same
essential spectral radius
ress(W(t)) = sup
{∣∣∣∣ ;  ∈ ess(W(t))} = sup {∣∣∣∣ ;  ∈ ess(U(t))} = ress(U(t)).
On the other hand, the essential type of ess of {U(t), t ∈ R} is characterized by (see
[41] or [46]) etess = ress(U(t)) ∀t and the essential type of ̂ess of {W(t); t ∈ R}
is characterized by et̂ess = ress(W(t)) ∀t and this ends the proof of (i). Consider (ii).
We know that for  with large real part,
(− T −K)−1 − (− T )−1 =
∫ ∞
0
e−tW(t) dt −
∫ ∞
0
e−tU(t) dt
=
∫ ∞
0
e−t [W(t)− U(t)] dt,
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where the integral is taken in a strong sense, i.e.
 ∈ Lp(× V )→
∫ ∞
0
e−t [W(t)− U(t)] dt ∈ Lp(× V ).
Since W(t)−U(t) is compact and locally bounded in t then, by the convex compactness
property of the space of compact operators provided with the strong operator topology
(see [44,46] or [24]), ∫ a
0
e−t [W(t)− U(t)] dt
is a compact operator for ﬁnite a. It follows that∫ ∞
0
e−t [W(t)− U(t)] dt
is compact since
∫ a
0 e
−t [W(t)− U(t)] dt → ∫∞0 e−t [W(t)− U(t)] dt in operator
norm topology as a → ∞. Hence (− T −K)−1 − (− T )−1 is a compact operator
and consequently [6, Chapter IX] T +K and T have the same essential spectrum. 
Remark 2. The fact that T +K and T have the same essential spectrum holds under a
weaker assumption on ; see Corollary 3 below. Moreover, if (x, v)+ (x,−v) <∞
a.e. on × V then [26]
ess(T ) =
{
; Re  − ∗}
and
ess(U(t)) =
{
 ∈ C; || e−∗t
}
,
where
∗ = lim
t→∞ inf{t<(x,v)} t
−1
∫ t
0
(x − sv, v) ds.
4. Converse results: Part 1
In this section, we show that the assumption on the velocity measure  is optimal.
According to the proof of Theorem 1, if the afﬁne hyperplanes have zero -measure then∫ t
0 RU∞(t − s)KU∞(s) ds is compact (and this implies that W(t)−U(t) is compact).
Using the notations of Theorem 1 we have the following converse result.
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Theorem 2. Let  be a ﬁnite measure. We assume that (v) = 0 and that
K :  ∈ L2(× V )→
∫
V
(x, v′) d(v′).
Let there exist a hyperplane H = {v ∈ Rn; v · e = c} with positive -measure where
e ∈ Sn−1 and c ∈ R. Then, for all t > 0,
O : 	 ∈ L2(Rn × V )→
∫ t
0
RU∞(t − s)KU∞(s)	 ds ∈ L2(× V )
is not compact.
Proof. According to (19), for 	 ∈ L2(Rn × V ),
∫ t
0
RU∞(t − s)KU∞(s)	 ds
is equal to
1
(2)
n
2
∫
Rn
d
∫
V
[
eix·e−itv·
∫ t
0
dseis(v−v′)·
]
	̂(, v′) d(v′) (x ∈ ).
Let 	m(x, v) = fm(x)g(v) with fm ∈ L2(Rn) (with norm unity) and g ∈ L2(V ) (with
norm unity) where g is ﬁxed. We choose fm and g such that:
(i) g has a (bounded) support in H and ∫
H
g(v′) d(v′) = 0.
(ii) The support of f̂m is bounded uniformly in m.
(iii) The support of f̂m is concentrated around the direction e as m → ∞, say
f̂m() = 0 if
∣∣∣ || − e∣∣∣ > 1m .
By Parseval’s identity,
∥∥∥∫ t0 RU∞(t − s)KU∞(s)	m ds∥∥∥2 is equal to∫
V
d(v)
∫
Rn
∣∣f̂m()∣∣2 ∣∣∣∣∫
H
[∫ t
0
dseis(v−v′)·
]
g(v′) d(v′)
∣∣∣∣2

∫
H
d(v)
∫
Rn
∣∣f̂m()∣∣2 ∣∣∣∣∫
H
[∫ t
0
dseis(v−v′)·
]
g(v′) d(v′)
∣∣∣∣2
=
∫
Rn
∣∣f̂m()∣∣2 ∫
H
d(v)
∣∣∣∣∫
H
[∫ t
0
dseis(v−v′)·
]
g(v′) d(v′)
∣∣∣∣2
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
∫
Rn
∣∣f̂m()∣∣2 ∫
sup(g)
d(v)
∣∣∣∣∫
sup(g)
[∫ t
0
dse
is||(v−v′)· ||
]
g(v′) d(v′)
∣∣∣∣2
=
∫
sup(f̂m)
∣∣f̂m()∣∣2 ∫
sup(g)
d(v)
∣∣∣∣∫
sup(g)
[∫ t
0
dse
is||(v−v′)·( || −e)
]
g(v′) d(v′)
∣∣∣∣2
because (v − v′) · e = 0 on H × H . Here sup(g) and sup(f̂m) denote the supports of
g and f̂m. Note that (ii) and (iii) imply that f̂m → 0 weakly in L2(Rn) and
sup
∈sup(f̂m)
∣∣∣∣∫ t
0
dse
is||(v−v′)·( || −e) − t
∣∣∣∣→ 0 as m→∞
uniformly in (v, v′). Hence, for m large enough
∫
sup(g)
d(v)
∣∣∣∣∫
sup(g)
[∫ t
0
dse
is||(v−v′)·( || −e)
]
g(v′) d(v′)
∣∣∣∣2
 t
2
2
∫
sup(g)
d(v)
∣∣∣∣∫
sup(g)
g(v′)d(v′)
∣∣∣∣2 ;  ∈ sup(f̂m)
and consequently
∥∥∥∥∫ t
0
RU∞(t − s)KU∞(s)	m ds
∥∥∥∥2 e−2t t22
∫
sup(g)
d(v)
∣∣∣∣∫
sup(g)
g(v′) d(v′)
∣∣∣∣2 .
This implies that
∫ t
0 RU∞(t − s)KU∞(s) ds is not compact since 	m → 0 weakly in
L2(Rn × V ). 
Remark 3. Since the compactness of
∫ t
0 RU∞(t − s)KU∞(s) ds is (only) a sufﬁcient
condition to the compactness of W(t) − U(t), Theorem 2 is not really a converse to
Theorem 1. However, we can prove the following converse result for small t .
Theorem 3. Let  be a ﬁnite measure. We assume that  is bounded, (v) = 0 and
K :  ∈ L2(× V )→
∫
V
(x, v′) d(v′).
Let there exist a hyperplane H = {v ∈ Rn; v · ê = c} with positive -measure where
ê ∈ Sn−1 and c ∈ R. Then, there exists t > 0 such that for all t ∈ ]0, t[, W(t)−U(t)
is not compact on L2(× V ).
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Proof. We argue as in the proof of Theorem 2. Let m ∈ L2(× V ) (m ∈ N) be of
the form m(x, v) = fm(x)g(v) where g ∈ L2(V ) and fm(x) = eimx ·̂e on . We note
that ∫ t
0
U(t − s)KU(s)m ds
is equal to ∫ t
0
ds
∫
V
fm(x − (t − s)v − sv′)(s(x − (t − s)v, v′)
×((t − s(x, v))g(v′) d(v′). (22)
Let 0 ⊂  be a ball and let ĉ = dist(0, ) > 0. One sees that if x ∈ 0 and if t
is small enough then
(s(x − (t − s)v, v′)(t − s(x, v)) = 1 (23)
so, on 0 × V ,∫ t
0
U(t − s)KU(s)m ds =
∫ t
0
ds
∫
V
fm(x − (t − s)v − sv′)g(v′) d(v′)
=
∫ t
0
ds
∫
V
eim(x−(t−s)v−sv′)·̂eg(v′) d(v′)
= eim(x−tv)·̂e
∫ t
0
ds
∫
V
eims(v−v′)·̂eg(v′) d(v′).
Hence∥∥U1(t)m∥∥2L2(×V )  ∥∥U1(t)m∥∥2L2(0×V )
= |0|
∫
V
d(v)
∣∣∣∣∫
V
[∫ t
0
dseims(v−v′)·̂e
]
g(v′) d(v′)
∣∣∣∣2 .
By choosing g ∈ L2(H) with ∫
H
g(v′) d(v′) = 0,
∥∥U1(t)m∥∥2L2(×V )  |0| ∫
H
d(v)
∣∣∣∣∫
H
[∫ t
0
dseims(v−v′)·̂e
]
g(v′) d(v′)
∣∣∣∣2
= t2 |0|
∫
H
d(v)
∣∣∣∣∫
H
g(v′) d(v′)
∣∣∣∣2 > 0
and this shows that U1(t) is not compact. Finally, since W(t)−U(t)U1(t), it follows
by a domination argument (Lemma 1) that W(t)− U(t) cannot be compact. 
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Remark 4. A priori, the lack of compactness of W(t) − U(t) for small t does not
prevent W(t)−U(t) to be compact for large t . However, we have the following result
under a stronger assumption.
Deﬁnition 2. Let B be a ball of Rn centered at the origin. We deﬁne the plane sections
of B as the intersections of B with the afﬁne hyperplanes.
Theorem 4. Let  be a ﬁnite measure. We assume that  is bounded, (v) = 0 and
K :  ∈ L2(× V )→
∫
V
(x, v′) d(v′).
If every ball centered at zero contains at least a plane section with positive -measure
then, for all t > 0,
W(t)− U(t) is not compact on L2(× V ). (24)
Proof. Let t > 0 be ﬁxed arbitrarily. As previously, it sufﬁces to prove that
U1(t) =
∫ t
0
U(t − s)KU(s) ds
is not compact. Let ĉ = dist(0, ) > 0. If x ∈ 0 and if (t − s) |v| + s
∣∣v′∣∣ < ĉ then
(23) holds. In particular, this is the case if
|v| < ĉ
2t
and
∣∣v′∣∣ < ĉ
2t
. (25)
Let B be the ball centered at zero with radius ĉ2t . By assumption B has a plane section
H with positive -measure. Let ê ∈ Sn−1 be orthogonal to H, m(x, v) = fm(x)g(v)
where g ∈ L2(H) with ∫
H
g(v′) d(v′) = 0 and fm(x) = eimx ·̂e on . Then, as
previously,∥∥U1(t)m∥∥2L2(×V )  ∥∥U1(t)m∥∥2L2(0×V )
= |0|
∫
V
d(v)
∣∣∣∣∫
V
[∫ t
0
dseims(v−v′)·̂e
]
g(v′) d(v′)
∣∣∣∣2
 |0|
∫
H
d(v)
∣∣∣∣∫
H
[∫ t
0
dseims(v−v′)·̂e
]
g(v′) d(v′)
∣∣∣∣2
= t2 |0|
∫
H
d(v)
∣∣∣∣∫
H
g(v′) d(v′)
∣∣∣∣2 > 0
and we conclude that U1(t) is not compact. 
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5. Converse results: Part 2
In this section, we show that the class of regular collision operators is “nearly
optimal”. For each S ⊂ , deﬁne
PS :  ∈ Lp(× V )→
∫
S
(x, ·) dx ∈ Lp(V )
and
QS :  ∈ Lp(× V )→ 1S(x)(x, v) ∈ Lp(× V ),
where 1S(·) is the indicator function of the set S. We recall (see [23, Lemma 4.1,
p. 63]) that if V is bounded and if S1 and S2 are open subsets of  such that S1 ⊂ S2
and S2 ⊂  then there exists a constant c > 0 such that
PS2(− T )−1QS1cPS1 (26)
in the lattice sense. Moreover, (see [23, Theorem 4.3, p. 59]), there exists a constant
ĉ > 0 such that
PS1K(− T )−1|Lp(V ) ĉ
∫
S1
K(x) dx (27)
in the lattice sense where PS1K( − T )−1|Lp(V ) is the restriction of PS1K( − T )−1 to
Lp(V ) and
∫
S1
K(x) dx is the strong integral
 ∈ Lp(V )→
∫
S1
K(x) dx ∈ Lp(V ).
Theorem 5. We assume that V is bounded and that the collision operator is nonneg-
ative. If W(t) − U(t) is compact on Lp( × V ) for all t0 then, for any open ball
B ⊂ , the strong integral ∫
B
K(x) dx
is a compact operator on Lp(V ).
Proof. According to the proof of Corollary 1(ii), the compactness of W(t)− U(t) for
all t0 implies the compactness of (− T −K)−1 − (− T )−1. On the other hand
(− T −K)−1 − (− T )−1 =
∞∑
1
(− T )−1
[
K(− T )−1
]n
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and
(− T −K)−1 − (− T )−1(− T )−1K(− T )−1
in the lattice sense so ( − T )−1K( − T )−1 is compact by domination (Lemma 1).
Thus, the restriction to Lp(V ) of
PS(− T )−1K(− T )−1
is a compact operator on Lp(V ). On the other hand, if B ⊂ S ⊂ S ⊂  then by (26)
and (27)
PS(− T )−1K(− T )−1|Lp(V )  PS(− T )−1QBK(− T )−1|Lp(V )
 cPBK(− T )−1|Lp(V ) ĉc
∫
B
K(x) dx
which implies the compactness of
∫
B
K(x) dx by domination (Lemma 1). 
Corollary 2. We assume that V is bounded and that the collision operator is
nonnegative. If
x ∈ → K(x) ∈ L(Lp(V ))
is measurable (not simply strongly measurable) and if W(t) − U(t) is compact on
Lp(× V ) for all t0 then K(x) is compact on Lp(V ) for almost all x ∈ .
Proof. Because of the measurability assumption,
x ∈ → K(x) ∈ L(Lp(V ))
is Bochner integrable. If B(x, r) is the ball centered at x ∈  with radius r then
1
|B(x, r)|
∫
B(x,r)
K(x) dx → K(x) in L(Lp(V )) as r → 0
at the Lebesgue points x of K(·) [48, p. 134] and consequently K(x) is compact on
Lp(V ) for almost all x ∈ . 
Remark 5. If the collision operator K is space homogeneous then the compactness of
W(t)− U(t) for small t implies the compactness of K on Lp(V ) [23, Theorem 4.10,
p. 75]
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6. Averaging lemma in ﬁnite volume domains
The averaging lemma in Rn states that if a subset  ⊂ L2(Rn × V ) is such that
v · x ∈ L2(Rn × V ) for  ∈  and
‖‖ +
∥∥∥∥v · x
∥∥∥∥ c ∀ ∈ 
for some constant c > 0 then, for any bounded open subset  ⊂ Rn, the restriction of
the set of functions {∫
V
(·, v) d(v);  ∈ 
}
to  is relatively compact in L2(). This is a local compactness result. There exists
a global (i.e. up to the boundary) version in convex bounded domains with boundary
conditions [8]. These results hold if and only if the hyperplanes through the origin have
zero -measure and are particular cases of more general results [7]; see also, in a dif-
ferent spirit, the recent work [32]. This compactness result was initially proved in [1,9]
where  is the Lebesgue measure. (In this case, {∫
V
(·, v) d(v);  ∈ } ⊂ H 12 (Rn)
and this gave rise to a literature on Sobolev regularity of velocity averages initiated in
[8]; see the recent papers [4,47] and the numerous references therein). A proof of the
compactness of velocity averages for transport operators with abstract velocity mea-
sures is given in [23, Chapter 3] for bounded not necessarily convex domains and non
incoming boundary conditions. A version of this result on n-dimensional torus is also
given in [29]. The proof relies on the usual criterion of compactness in L2 spaces and
on domination arguments. We provide here a different proof of this lemma inspired
by our approach in Section 3. In particular  is assumed to have a ﬁnite volume and
need not be bounded. This lemma means that the operator
 ∈ W 2(Rn × V )→ RM ∈ L2() (28)
is compact, where
W 2(Rn × V ) =
{
 ∈ L2(Rn × V ); v · 
x
∈ L2(Rn × V )
}
is equipped with the graph norm[
‖‖2 +
∥∥∥∥v · x
∥∥∥∥2
] 1
2
,
M :  ∈ L2(Rn × V )→
∫
V
(x, v) d(v) ∈ L2()
and R : L2(Rn)→ L2() is the restriction operator.
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Theorem 6. Let  ⊂ Rn with a ﬁnite Lebesgue measure (not necessarily bounded).
Let  be a ﬁnite measure on Rn with support V such that the hyperplanes (through
the origin) have zero -measure. Then
 ∈ W 2(Rn × V )→ RM ∈ L2()
is compact.
Proof. We observe that W 2(Rn × V ) is the domain of the free transport operator
T0 :  ∈ W 2(Rn × V )→ v · x ∈ L
2(Rn × V )
so that the compactness of (28) is equivalent to the compactness of
RM(1− T0)−1 : L2(Rn × V )→ L2().
We note that
RM(1− T0)−1	 =
∫
V
d(v′)
∫ ∞
0
e−s	(x − sv′, v′) ds (x ∈ ).
On the other hand,
	(x, v′) = lim
A→∞
1
(2)
n
2
∫
||A
	̂(, v′)eix· d
in the norm of L2(Rn × V ) and then in L2(× V ). Hence RM(1− T0)−1	 is equal
to
lim
A→∞
1
(2)
n
2
∫
||A
eix· d
∫
V
d(v′)	̂(, v′)
∫ ∞
0
e−se−siv′· ds
= lim
A→∞
1
(2)
n
2
∫ ∫
{||A}×V
[
eix·
1+ iv′ · 
]
	̂(, v) d d(v′).
We note that
OA : 	 ∈ L2(Rn × V )→
∫ ∫
{||A}×V
[
eix·
1+ iv′ · 
]
	̂(, v′) d d(v′) ∈ L2()
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is a Hilbert–Schmidt operator because the Lebesgue measure of  is ﬁnite. It sufﬁces
to show that
OA → RM(1− T0)−1 as A→∞ (29)
in operator norm topology. We note that
RM(1− T0)−1	−OA	 =
∫
||>A
eix· d
∫
V
	̂(, v′) d(v′)
1+ iv′ · 
so that, using Parseval’s identity,∥∥∥RM(1− T0)−1	−OA	∥∥∥2
=
∫

dx
∣∣∣∣∣
∫
||>A
eix· d
∫
V
	̂(, v′) d(v′)
1+ iv′ · 
∣∣∣∣∣
2

∫
Rnx
dx
∣∣∣∣∣
∫
||>A
eix· d
∫
V
	̂(, v′) d(v′)
1+ iv′ · 
∣∣∣∣∣
2
=
∫
||>A
d
∣∣∣∣∣
∫
V
	̂(, v′) d(v′)
1+ iv′ · 
∣∣∣∣∣
2

∫
||>A
d
∫
V
d(v′)∣∣1+ iv′ · ∣∣2
∫
V
∣∣∣	̂(, v′)∣∣∣2 d(v′)
 sup
||>A
∫
V
d(v′)∣∣1+ iv′ · ∣∣2
∫
||>A
d
∫
V
∣∣∣	̂(, v′)∣∣∣2 d(v′)
 sup
||>A
∫
V
d(v′)∣∣1+ iv′ · ∣∣2 ∥∥	∥∥2 .
Thus
∥∥∥RM(1− T0)−1 −OA∥∥∥2  sup||>A
∫
V
d(v′)∣∣1+ iv′ · ∣∣2
Introducing the polar coordinates  = ∣∣∣∣( ∈ Sn−1) we note that
sup
||>A
∫
V
d(v′)
1+ (v′ · )2
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= sup
||>A
∫
V
d(v′)
1+ ∣∣∣∣2 (v′ · )2
 sup
∈Sn−1
∫
V
d(v′)
1+ A2(v′ · )2
= sup
∈Sn−1
∫
|v′·|<ε
d(v′)
1+ A2(v′ · )2 + sup∈Sn−1
∫
|v′·|>ε
d(v′)
1+ A2(v′ · )2
 sup
∈Sn−1
∫
|v′·|<ε
d(v′)+ ‖d‖
1+ A2ε2 .
Since the hyperplanes (through the origin) have zero -measure, it follows from Lemma
2 that sup∈Sn−1
∫
|v′·|<ε d(v
′)→ 0 as ε → 0 and consequently sup||>A
∫
V
d(v′)
1+(v′·)2
as A→∞. 
Corollary 3. Let  ⊂ Rn with a ﬁnite Lebesgue measure (not necessarily bounded).
Let  be a measure on Rn with support V such that the hyperplanes through the origin
have zero -measure. Let K be a regular collision operator. Then K is T-compact, i.e.
K : D(T ) → Lp( × V )(1 < p < ∞) is compact, and consequently T + K and T
have the same essential spectrum.
Proof. By density arguments, it sufﬁces to prove the result when k(x, v, v′) = 
(x)
f (v)g(v′) where 
(·) ∈ L∞(), f and g are continuous with compact supports. In
this case, K( − T )−1 maps Lq( × V ) into itself for all q1 so we may restrict
ourselves to the case p = 2. By using a domination argument (Lemma 1), we way
suppose that (·, ·) is a constant (for example equal to zero), that k(x, v, v′) = 1 and
that the measure  is ﬁnite. Now
K(− T )−1 =
∫
V
∫ ∞
0
e−s(x − sv′, v′){s(x,v′)} d(v′).
One sees that K(− T )−1 is dominated (in the lattice sense) by
K(− T∞)−1E :  ∈ L2(× V )→
∫
V
∫ ∞
0
e−sE(x − sv′, v′) d(v′),
where E is the trivial extension (by zero) of  to Rn × V . Finally
K(− T∞)−1 : L2(Rn × V )→ L2()
is compact (Theorem 6) and we can conclude by a domination argument (Lemma 1).
Finally, the compactness of K(− T )−1 implies the compactness of (− T −K)−1 −
(−T )−1 and consequently T +K and T have the same essential spectrum [6, Chapter
IX]. 
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Remark 6. The averaging lemma is an important ingredient in the proof of the com-
pactness of ( − T − K)−1 − ( − T )−1. On the other hand, the compactness of
W(t)−U(t) (Theorem 1) does not rely on the “time-dependent” version of the averaging
lemma [8].
Acknowledgments
The author thanks the referee for helpful remarks and suggestions.
References
[1] V.I. Agoshkov, Spaces of functions with differential-difference characteristics and smoothness of
solutions of the transport equation, Sov. Math. Dokl. 29 (1984) 662–666.
[2] C.D. Aliprantis, O. Burkinshaw, Positive Operators, Academic Press, New York, 1985.
[3] M. Borysiewicz, J. Mika, Time behaviour of thermal neutrons in moderating media, J. Math. Anal.
Appl. 26 (1969) 461–478.
[4] R. DeVore, G. Petrova, The averaging lemma, J. Amer. Math. Soc. 14 (2001) 279–296.
[5] J.J. Duderstadt, W.R. Martin, Transport Theory, Wiley, New York, 1979.
[6] D.E. Edmunds, W.D. Evans, Spectral Theory and Differential Operators, Oxford Mathematical
Monographs, 1989.
[7] P. Gerard, Microlocal defect measures, Comm. Partial Differential Equations 16 (11) (1991)
1761–1794.
[8] F. Golse, P.L. Lions, B. Perthame, R. Sentis, Regularity of the moments of the solution of a
transport equation, J. Funct. Anal. 76 (1988) 110–125.
[9] F. Golse, B. Perthame, R. Sentis, Un resultat de compacité pour les equations de transport et
applications au calcul de la limite de la valeur propre principale d′ un operateur de transport, C.
R. Acad. Sci. Paris. Ser I 301 (1985) 341–344.
[10] W. Greenberg, C. Van der Mee, V. Protopopescu, Boundary Value Problems in Abstract Kinetic
Theory, Birkhäuser, Basel, 1987.
[11] G. Greiner, Spectral properties and asymptotic behavior of the linear transport equation, Math. Z.
185 (1984) 167–177.
[12] K. Jorgens, An asymptotic expansion in the theory of neutron transport, Comm. Pure Appl. Math.
11 (1958) 219–242.
[13] H.G. Kaper, C.G. Lekkerkerker, J. Hejtmanek, Spectral Methods in Linear Transport Theory,
Birkhäuser, Basel, 1982.
[14] K. Latrach, B. Lods, Regularity and time asymptotic behaviour of solutions to transport equations,
Transport Theory Statist. Phys. 30 (7) (2001) 617–639.
[15] B. Lods, Théorie spectrale des équations cinétiques, Thèse de l’université de Franche-Comté, 2002.
[16] I. Marek, Fundamental decay mode and asymptotic behaviour of positive semigroups, Czechoslovak
Math. J. 30 (105) (1980) 579–590.
[17] J.T. Marti, Mathematical foundations of kinetics in neutron transport theory, Nucleonik 8 (3) (1966)
159–163.
[18] J. Mika, T. Trombetti, R. Stankiewicz, Effective solution to the initial value problem in neutron
thermalization theory, J. Math. Anal. Appl. 25 (1969) 149–161.
[19] M. Mokhtar-Kharroubi, La compacité dans la théorie du transport des neutrons, C. R. Acad. Sci.
Paris. Ser I 303 (1986) 617–619.
[20] M. Mokhtar-Kharroubi, Les équations de la neutronique, Thèse d’Etat, Paris, 1987.
[21] M. Mokhtar-Kharroubi, Compactness properties for positive semigroups on Banach lattices and
applications, Houston J. Math. 17 (1) (1991) 25–38.
M. Mokhtar-Kharroubi / Journal of Functional Analysis 226 (2005) 21–47 47
[22] M. Mokhtar-Kharroubi, Time asymptotic behaviour and compactness in transport theory, European
J. Mech. B/Fluids 11 (1) (1992) 39–68.
[23] M. Mokhtar-Kharroubi, Mathematical Topics in Neutron Transport Theory. New aspects, vol. 46,
World Scientiﬁc, Singapore, 1997.
[24] M. Mokhtar-Kharroubi, On the convex compactness property for the strong operator topology and
related topics, Math. Methods Appl. Sci. 27 (2004) 687–701.
[25] M. Mokhtar-Kharroubi, Homogenization of boundary value problems and spectral problems for
neutron transport in locally periodic media, Math. Models Appl. Sci. 14 (1) (2004) 47–78.
[26] M. Mokhtar-Kharroubi, Spectral properties of a class of positive semigroups on Banach lattices and
streaming operators, Positivity, to appear.
[27] M. Mokhtar-Kharroubi, On L1-spectral theory of neutron transport, J. Differential Integral Equations,
to appear.
[28] M. Mokhtar-Kharroubi, Optimal spectral theory of neutron transport models, Prépublications du
Laboratoire de Mathématiques de Besançon no. 2002/28.
[29] M. Mokhtar-Kharroubi, L. Thevenot, On the diffusion theory of neutron transport on the torus,
Asymptotic Anal. 30 (3–2) (2002) 273–300.
[30] B. Montagnini, M.L. Demeru, Complete continuity of the free gas scattering operator in neutron
thermalization theory, J. Math. Anal. Appl. 12 (1965) 49–57.
[31] A. Palczewski, Spectral properties of the space inhomogeneous linearized Boltzmann operator,
Transp. Theory Statist. Phys. 13 (1984) 409–430.
[32] M. Portilheiro, Compactness of velocity averages, Indiana Univ. Math. J. 51 (2) (2002) 357–379.
[33] G. Schlüchtermann, Perturbation of linear semigroups, Recent Progress in Operator Theory
(Regensburg, 1995), Operator Theory, Advances and Applications, vol. 103, Birkhäuser, Basel,
1998, pp. 263–277.
[34] L. Schwartz, Analyse III, Calcul Integral, Hermann, Paris, 1993.
[35] Y. Shizuta, On the classical solutions of the Boltzmann equation, Comm. Pure Appl. Math. 36
(1983) 705–754.
[36] Song Degong, Some notes on the spectral properties of c0 -semigroups generated by linear transport
operators, Transport. Theory Statist. Phys. 26 (1–2) (1997) 233–242.
[37] P. Takac, A spectral mapping theorem for the exponential function in linear transport theory,
Transport Theory Statist. Phys. 14 (5) (1985) 655–667.
[38] I. Vidav, Existence and uniqueness of nonnegative eigenfunctions of the Boltzmann operator,
J. Math. Anal. Appl. 22 (1968) 144–155.
[39] I. Vidav, Spectra of perturbed semigroups with applications to transport theory, J. Math. Anal. Appl.
30 (1970) 264–279.
[40] V.S. Vladimirov, Mathematical Problems in the One-velocity Theory of Particle Transport, Atomic
Energy of Canada. Ltd. Chalk River. Ont Report. AECL-1661, 1963.
[41] J. Voigt, A perturbation theorem for the essential spectral radius of strongly continuous semigroups,
Monographs Math. 90 (1980) 153–161.
[42] J. Voigt, Positivity in time dependent linear transport theory, Acta. Appl. Math. 2 (1984) 311–331.
[43] J. Voigt, Spectral properties of the neutron transport equation, J. Math. Anal. Appl. 106 (1985)
140–153.
[44] J. Voigt, On the convex compactness property for the strong operator topology, Note. Mat. 12
(1992) 259–269.
[45] J. Voigt, Stability of the essential type of strongly continuous semigroups, Trans. Steklov. Math.
Inst. 203 (1994) 469–477.
[46] L. Weis, A Generalization of the Vidav-Jorgens perturbation theorem for semigroups and its
application to transport theory, J. Math. Anal. Appl. 129 (1988) 6–23.
[47] M. Westdickenberg, Some new velocity averaging results, SIAM J. Math. Anal. 33 (5) (2002)
1007–1032.
[48] K. Yosida, Functional Analysis, Springer, Berlin, 1978.
